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Abstract-Motivated by the classical one-dimensional diffusion equation, 
w - k%z = f(x, t), 2 E w, t > 0, 
4x,0) = NX)> I E w, 
we find the unique solution of the partial difference equation 
A&, t) - kA;,&z - 1, t) = f(z, t), I E z, t I 0, 
4x, 0) = 11(1), x E z, 
where k E (0,l). Our approach is to construct the Green’s function for the appropriate partial 
difference operator, and almost immediately we establish an existence and uniqueness result for the 
discrete nonhomogeneous problem. @ 2003 Elsevier Science Ltd. All rights reserved. 
Keywords-Partial difference equations, Green’s function, Discrete diffusion equation. 
1. INTRODUCTION 
The existence and uniqueness of solutions of the (continuous) diffusion equation 
with k E (0,l) is a classical result discussed in elementary partial differential equations texts; 
0898-1221/03/% - see front matter @ 2003 Elsevier Science Ltd. All rights reserved. Typ-et by 4&W 
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see, for example, [l]. The unique solution is given by 
00 u(x,t) =s 
t m G&, Y, t O)+(Y) dy + -m ss Gc(x, Y4SMY, s>dy ds, 0 --co 
where 
Gc(x,~,t,s) = ’ 
2@@7 
is the Green’s function for the (continuous) diffusion equation. In this paper, we find the Green’s 
function for the discrete diffusion equation which has similar properties to the Green’s function 
for the (continuous) diffusion equation, then conclude with an existence-uniqueness theorem for 
the discrete diffusion equation. The existence-uniqueness theorem and the form of the solution 
for the discrete diffusion equation resembles the existence-uniqueness theorem and the form of 
the solution for the (continuous) diffusion equation. The proofs are based on first principles of 
difference equations. Kelley and Peterson [2] and Agarwal [3] are recommended references on the 
subject. 
There are very few results in partial difference equations. The entire theory of partial difference 
equations has been described as being an underdeveloped research area [4]. In [5], de Boor et al. 
have used Fourier series arguments to conclude the existence of fundamental solutions to partial 
difference equations with constant coefficients. Veit [6] followed by giving conditions for the 
existence of fundamental solutions to partial difference equations with nonconstant coefficients. 
Existence-uniqueness results are noted in their work, again using Fourier series arguments. In 
this work, we will find a Green’s function for the discrete diffusion equation, highlight some of 
the important properties of the Green’s function, and then use elementary difference equations 
techniques to prove the existence and uniqueness of solutions to nonhomogeneous (nonfinite 
support) discrete diffusion equations. 
2. PRELIMINARIES 
In this section, we will find a Green’s function for the operator 
L&x, t) = A&, t) - IcA&zl(a: - 1, t), 
where u : Z x W --f lR and k E (0,l) and then explain the properties of the Green’s function 
we will use in our main results. Note that throughout the paper we represent the set of integers 
by 21, and the set of whole numbers (nonnegative integers) by W. We begin by verifying that the 
function S defined by 
S(x, t) = 
{ 
l+i=$+l(i”;;l) (t:i)w-“k”7 forxz-07 
1 - S(-2 - 1, t), for 2 < 0, 
is a solution of 
L&x, t) = 0, for all x E Z and t E W, 
with 
2 S(x, 0) 1 1, if 2 0, = 
0, if 2 < 0. 
The proof of the following theorem highlights the properties of the function S, which will be used 
to define the Green’s function for the discrete diffusion equation. The proof relies on Pascal’s 
formula and the convention that if the lower limit of summation is greater than the upper limit 
of summation. then the sum is zero. 
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THEOREM 2.1. The function S satisfies the following properties: 
(1) S is defined for (z, t) E Z x W; 
(2) S(x,O) = 1, for all 2 > 0 and t E W; 
(3) S(z,O)=Oforallz<OandtEW;and 
(4) L,,tS(x, t) = 0, for all (2, t) E z x W. 
PROOF. By the definition of S, Properties l-3 are clearly satisfied. We verify Property 4 by 
exhaustion. Let (x:, t) E Z x W. 
CASE 1. CC > 0. 
L,,,S(x, t) = S(x, t + 1) - kS(z -I- 1, t) + (2k - l)S(z, t) - kS(z - 1, t) 
=1+ c iI;l(i21yll) (t::!i)Fv-~“~ 
-k (“,kJity!,) (3 w-~-q 
+(2k-1) If ;i: ( i=2+1 (i”;:l) (,4,) w--i) 
-k(l+g-) (t:i)(-l)‘-~+lkj 
t+1 
= c (iF;!l) (,:;i-?) (-l)i-xki 
i=z+l 
-Qiy2) (,ti)(-l)‘“-~~~ 
+ (2k - 1) 2 (i “ii! 1) (t 4 i) (-l)+=ki 
i=s+1 
-k$I;) (tti)(-l)‘-“+lki 
+k4k[(i!;!l)+(~::)l (,$)(-l)‘lli” 
+ (T;;) (t;l)(-l)“+l-zk’+l 
‘ki 
= 
~ (i”,!l) (t+E-i)(-l)“-‘k” 
i=z+l 
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+ki& (i”z> (,4,) w-ki 
+ (y-i’> (y) (-qt+kkt+l 
- (““:‘> (t-l_l)kx+2- 
+ ( 2,,,) (,:,) k”+l 
= 2 (i”;-‘l) (,.;-J(-l)“i; 
i=z+1 
+k2 (y::> (,4,) c-WZki 
+ (“t”-i’) (y) (-qt+l-ly+l 
- (2x;1) (t-:-l)k2+2 
+(2x;1) (t!x)kx+’ 
-(2x:2) (t-:-l)kr+2 
= 
k (i:;!l) (t+;+)kl)“k” 
i=z+1 
+kig3(iT;jl) (t-;+l) (-l+‘ki-’ 
+ (TT;) (“‘d ‘> (-l)t+l-“kt+l 
-(““u”) (,-:Jkx+2 
+(““;‘) (ttx)k’+l 
-(““:‘> (t-:-l)kz+2 
= 
6 (i:;:l) (t+;&)‘-‘ki 
is+3 
+ig3(i”;‘l) (t-;+l)w--lk” 
+ (“t”-i’) (“; ‘) (-l)t+l-“ktfl 
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+(‘,,,> (ttx)k=+l 
* - (‘“:“) (t_i-l)k’t2 
-(2x,1) (t4,)k”+1 
+(,,:,) (t-:-l)kit2 
+(FT;) (;)(-l)t-zktil 
=-(,,,l) (t_f-l)k’t2 
- (‘“:“) (tT:-l)kxt2 
+(2x:3) (t-:l)kzt2 
=_(,,,,) (t-;-l)krt2 
+(,,,,> (t-:-l)kr+2 
= 0. 
CASE 2. x = 0. 
Since 
for all integers i 2 1, we have 
s(-1,t) = - 2 (:I;) (t 4 i) (-l)iki = $ ( 2i ; ‘) (t 4 i) (-lji+‘ki. 
i=l 
Therefore, 
&,ts(x, t) = S(0, t + 1) - kS(1, t) + (2k - l)S(O, t) - kS(-1, t) 
= s(O, t + 1) - kS(1, t) + (2k - l)S(O, t) - k(1 - S(O, t)) 
=l+g(y_:) (t:;li)(-‘)iki 
-k(l+$(T_:) ($)(1~;-‘xI) 
+(2k-1) I+2 2i-l ( i=l (4) (A) (-l)q 
-k$(2i;‘) (tti)(-l)“lk’ 
=k+g(y_:) (t:;!i)(-‘)iki 
-k$I;) (tTi)(-l,i-lki 
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+ (,,,,) (“i’> (-l)t+‘kt+l 
-(i) (A)k’ 
+k$(iY1) (,Ti)c-lliki 
+k$(T) (,4,) (-l)ik” 
+ (2t;1) (“;‘) (-l)t+‘kt+l 
-(i) (Zl)k2 
=k’~(~~~) (t+l-i)(-‘)iki 
tk$[(iT1)‘(~)] (,ti)(-ljiki 
+ (,,,‘) (t;‘> (-l)t+lkt+’ 
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=k+$r;) (t+;-i)(-‘)iki 
+(,,:‘) (t;l)(-l)t+lk’+l 
+(““;‘) (t;l)(-l)‘+lk”+l 
-(i) (tQk2 
- (:) (t:1)k2 
+ (““t”) (;) (-l)t+‘-lkt+l 
k2 
= 0. 
CASE 3. z < 0. 
By definition of S, we have S(z, t) = 1 - S(-a: - 1, t), and hence, by Case 1 if x 2 -2, we have 
L&(x, t) = S(x, t + 1) - kS(x + 1, t) + (2k - l)S(x, t) - kS(x - 1, t) 
= (1 - S(-x - 1, t + 1)) - k(1 - S(-ZIT - 2, t)) 
+ (2k - l)(l - S(-a: - 1, t)) - k(1 - S(-x, t)) 
= - [S(-x - 1, t + 1) - kS(-x, t)) + (2k - l)S(-x - 1, t) - kS(-x - 2, t)] 
= -L&(-x - 1, t) = 0, 
and by Case 2, if x = -1, we have 
&S(-1,t) = S(-l,t+ 1)) - kS(O,t) + (2k - l)S(-1,t) - kS(-2,t) 
= (1 - S(0, t + 1)) - kS(0, t) 
+ (2k - l)(l - S(0, t)) - k(l - S(1, t)) 
= - [S(O, t + 1) - kS(1, t) + (2k - l)S(O, t) - k(1 - S(o, t))] 
= -L,$(O, t> = 0. 
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Therefore, for all (x, t) E Z x W we have 
L,,p!3(x, t) = 0. I 
In the following lemma, we verify the properties of S required in our main results. The Green’s 
function will then be defined accordingly. 
LEMMA 2.1. For all x, y E Z and t, s E W with t > s: 
(1) L,,$(y - x - 1, t - s - 1) = 0; and 
(2) L,,tAyS(y - x - 1, t - s - 1) = 0. 
PROOF. Supposex,yEZandt,sEWwitht>s. LetX=y-x-l,Z=y-x,andT=t-s-l; 
then X, 2 E Z and T E UV. Therefore, by Theorem 2.1, 
L,tS(Y - x - 1, t - s - 1) = S(y - 5 - 1, t - s) - kS(y - x - 2, t - s - 1) 
+(21c-1)S(y-x-1,t-s-1)-kS(y-x,t-s-1) 
=S(X,T+l)-kS(X-l,T) 
+ (2k - l)S(X, T) - kS(X + 1, T) 
= ~x,~S(x, T) 
= 0, 
and thus, 
~5,,~A$‘(y - x - 1, t - s - 1) = L,,JS(y - x, t - s - 1) - S(y - x - 1, t - s - l)] 
= L,,tS(y - 2, t - s - 1) - L,,$(y - x - 1, t - s - 1) 
= +S(z, T) - Lx,TS(X, T) 
Define the function 
= 0. I 
G(x, y, t, s) = AyS(y - x - 1, t - s - 1) 
for all X, y E Z and t, s E W with t > s. The function G is the Green’s function for the discrete 
diffusion equation. In Lemma 2.1, we have verified that for all x, y E Z and t, s E W with t > s, 
L,&(x, Y, 4 s) = 0, 
and similarly one can show that 
L&(x, Y, t + 1,s) = 0, 
for all x, y E Z and t, s E W with t 2 s. The important properties of the Green’s function are 
inherited from S and were proven in Theorem 2.1 and Lemma 2.1. 
3. EXISTENCE AND UNIQUENESS OF SOLUTIONS 
We begin by finding a solution to the homogeneous discrete diffusion equation with initial 
condition at t = 0. Note that this solution has the same form as the solution of the homogeneous 
diffusion equation with initial condition at t = 0. 
LEMMA 3.1. If 
f:Z+R., where &nm f(x) = 0, 
then 
v(x,t) = 2 G(x,y,t+ LOMY) 
y=-CO 
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is a solution of the homogeneous discrete diffusion equation 
with v(z,O) = f(z). 
PROOF. Let x E Z and t E W. Then by the note to Lemma 2.1, 
Lx,&, t) = L,t 5 +, y, t + 1, W(y) 
y=--m 
= 5 L&(x, y, t + 1, W(Y) 
y=-CO 
= 2 O.f(Y) 
y=-a, 
= 0, 
and by summation by parts, since limr+ocf(r)=O, we have 
+,t) = 5 G(x,Y,~ + LOMY) 
y=--00 
= 2 A.,S(Y - x - 1, WY) 
?/=-CO 
- 1 S(Y - x, W,~(Y) 
- c S(Y - x,W,f(~) 
y=--00 
= - 2 S(Y - x, ~&J(Y). 
Therefore, again since limr.+oo f(~) = 0, we have 
4x,0) = - 2 S(Y - xc,‘W,f(~) 
?/=-CO 
Next, we find the solution of the nonhomogeneous discrete diffusion equation with zero initial 
condition at t = 0. Note that this solution has the same form as the solution of the nonhomoge- 
neous (continuous) diffusion equation with zero initial condition at t = 0. 
LEMMA 3.2. If 
g:ZxW+R, where lim g(z, t) = 0, 
z-+m 
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for alI t E VV, then 
t-1 00 
w(x, t) = c c G(xct y, 4 s)dv, s) 
SC0 y=-cm 
is a solution of the nonhomogeneous discrete diffusion equation 
Lp(x, t> = 9(x, t), with w(z, 0) = 0. 
PROOF. By definition, 
-1 00 
w(x, 0) = c c G(x, y, 0, s)g(y, s) = 0. 
s=o y=-cc 
Let x E Z and t E W. Then by Lemma 2.1 we have 
t-1 00 
Lz,tw(x, t) = L,t c c G(x, y, 6 SM, s> 
s=o y=-co 
= c G(x, y, t + 1, t)g(y, t) + E 2 L&(x, y, 4 SMY, s) 
y=-CO SC0 y=-co 
= 2 G(x,y,t+ l,My,t) 
= 2 A$(Y - x - 1, O)g(y,t) 
y=-CC 
- c S(Y - 2, W,g(y,t) 
= - 5 S(Y - GW&,dy,~) 
= -c Aydy,t) 
= -  p&S(Y, t) + 9(x, t) = 9(x, 9, 
since for all t E UV, lim,,, g(y, t) = 0. I 
Combining the results of Lemmas 3.1 and 3.2, we have the unique solution of the nonhomoge- 
neous discrete diffusion equation with a initial condition at t = 0. 
THEOREM 3.1. The unique solution of the nonhomogeneous discrete diffusion equation 
-L,&, t) = 9(x, t), with U(X, 0) = f(x), 
is given by 
u(x,t) = 2 G(x,y,t+ l,O)f(y) +g 2 G(x,y,t,s)dy>s). 
?/=-CC s=o y=-cc 
PROOF. By Lemmas 3.1 and 3.2, we have 
L,,tu(x,t) = L,,t g G(x,y,t+l,O)f(y)+L~,,~ 2 G(x,y,t,s)dy,s) 
y=-co sdl y=--c-2 
=Ofg(x,t) 
= 9(x, t) 
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and 
t&o) = 2 G(x,~,Lo)f(y)+~ e Gb,y,O,s)dy,s) y=-CO s=o y=--00 
= f(x) + 0 
= f(x). 
If Z(IC, t) is any other solution, then 
4(x, q = 4x7 4 - a, t) 
is a solution of 
-L,tq(x, t) = 0, 
and by iteration it is easily verified that 
with q(x, 0) = 0, 
for all x E Z and t E ‘W is the only solution of this boundary value problem. Therefore, ‘IL = z 
and 
co t-1 00 
4x, t) = c G(x, Y, t + 1, WY) + c c G(x, Y, t, s)dy, 3) 
y=-03 s=o y=--00 
is the unique solution of the nonhomogeneous discrete diffusion equation 
with 11(x,0) = f(z). I 
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